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Quantum control of systems plays an important role in modern science and technology. The
ultimate goal of quantum control is to achieve high fidelity universal control in a time-optimal way.
Although high fidelity universal control has been reported in various quantum systems, experimental
implementation of time-optimal universal control remains elusive. Here we report the experimental
realization of time-optimal universal control of spin qubits in diamond. By generalizing a recent
method for solving quantum brachistochrone equations [X. Wang et al., Phys. Rev. Lett. 114,
170501 (2015)], we obtained accurate minimum time protocols for multiple qubits with fixed qubit
interactions and a constrained control field. Single- and two-qubit time-optimal gates are experi-
mentally implemented with fidelities of 99% obtained via quantum process tomography. Our work
provides a time-optimal route to achieve accurate quantum control and unlocks new capabilities for
the emerging field of time-optimal control in general quantum systems.
Time-optimal control (TOC), including the famous ex-
amples of the brachistochrone problem [1] and the Zer-
melo navigation problem [2], has been widely investigated
for over three centuries. TOC of quantum systems has
recently attracted great interest due to the rapid devel-
opment of quantum information processing and quantum
metrology. Because the ever-present noise from the en-
vironment degrades quantum states or operations over
time, generating the fastest possible evolution by TOC
becomes a preferable choice for realizing precise quantum
control in the presence of noise. To obtain accurate TOC
protocols is difficult because both the fidelity and time
should be optimized. Analytical methods utilizing the
Pontryagin maximum principle or the geometry of the
unitary group are applicable only to specific problems
and constraints [3–10]. Recently, the quantum brachis-
tochrone equation (QBE) has been proposed to provide
a general framework for finding time-optimal state evo-
lutions or unitary operations [11–18]. The QBE has been
applied to some cases where analytic solutions exist [15–
17]. For problems where the QBE cannot be analytically
solved, an effective numerical method has been developed
[18]. The relationship between TOC and gate complex-
ity has also been explored [19, 20]. Experimental TOC
has been implemented only in single-qubit systems [21–
23], while experimental time-optimal universal control,
which requires universal single-qubit gates as well as a
non-trivial two-qubit gate, has not been reported.
Here, we demonstrate the first experimental time-
optimal universal control of a two-qubit system, which
consists of an electron spin and a nuclear spin of a
nitrogen-vacancy (NV) center in diamond. High-fidelity
single- and two-qubit gates are realized with fidelities of
99% obtained via quantum process tomography. Our re-
sults show that TOC provides a novel route to achieve
precise universal quantum control. The approach to real-
ize time-optimal control of multiple qubits can be applied
to other quantum systems.
As shown in Fig. 1, the quantum system is driven
by the Hamiltonian H(t), which is described by the
Schro¨dinger equation U˙ = −iH(t)U , with boundary con-
ditions U(0) = I and U(T ) = UF (we set ~ = 1). Differ-
ent Hamiltonians H(t) make the evolutions of the system
follow different paths (labeled by Γi) to the same unitary
operation UF . The path with the minimal time cost can
be obtained by solving the QBE [12] together with the
Schro¨dinger equation. The QBE is written as
F˙ = −i[H,F ], (1)
where F = ∂LC/∂H and LC =
∑
j λjfj(H), with
λj the Lagrange multiplier. One physically relevant
constraint is the finite energy bandwidth described as
f0(H) ≡ [Tr(H2) − E2]/2 = 0, where E is a constant.
Reference 18 provides a method to obtain the accurate
minimum-time protocol by solving the QBE.
In realistic physical systems, part of the Hamiltonian
H is usually time independent (e.g., fixed couplings be-
tween spin qubits), and the reasonable constraint for the
energy is actually for the time variable part (e.g., the
shaped microwave pulse with bounded power). These
have been recently recognized and investigated as the
quantum Zermelo navigation problem [24, 25]. The orig-
inal QBE is not able to provide a solution to this prob-
lem directly. Here, we rewrite the Hamiltonian H(t) as
H = H0 +Hc(t), where the drift Hamiltonian H0 stands
for the time invariable part and Hc(t) stands for the con-
trol Hamiltonian. The drift Hamiltonian H0 can be the
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2FIG. 1. (color online). Schematic representation of quantum
TOC. Blue lines represent paths of quantum evolution in the
SU(2n) operator space, where n stands for the number of
qubits. To realize a target evolution operator UF at t = T
starting from the identity operator I at t = 0, there are several
choices of evolution path Γi (i = 1, 2 . . .). The goal of TOC
is to figure out which evolution costs the minimum time T .
fixed spin couplings or nonzero constant external mag-
netic field. The control Hamiltonian Hc(t) can be a con-
trollable external magnetic field or adjustable couplings
between qubits. The constraint of the finite energy band-
width is modified to f0(Hc) = 0. Then, the TOC of
multiple qubits, which is experimentally feasible, can be
obtained by solving the QBE with the mentioned im-
provements (see Section II in Supplementary Material).
This method can be taken as the generalization of the
method in Ref. 18, which is the case of H0 = 0.
We experimentally demonstrate TOC of single- and
two-qubit on an NV center in diamond. The NV cen-
ter is composed of an electron spin and a nitrogen nu-
clear spin. A static magnetic field of about 500 G is ap-
plied along the NV symmetry axis ([1 1 1] crystal axis)
and removes the degeneracy between the |mS = +1〉
and |mS = −1〉 electron spin states. Under such a
magnetic field, the spin state of the NV center is ef-
fectively polarized to |mS = 0,mI = +1〉 when a 532
nm laser pulse is applied [26]. Microwave pulses driv-
ing the electron spin transition |mS = 0〉 to |mS = −1〉
and radio-frequency pulses driving the nuclear spin tran-
sition |mI = +1〉 to |mI = 0〉 are utilized to manipulate
the spin states. The |mS = +1〉 electron spin level and
|mI = −1〉 nuclear spin level remain idle due to large de-
tuning. TOC is demonstrated on the two-qubit system
composed by |mS = 0,mI = +1〉, |mS = −1,mI = +1〉,
|mS = 0,mI = 0〉, and |mS = −1,mI = 0〉 without con-
sidering the other spin levels (see Section I and Fig. S1
in Supplementary Material).
The experiment was implemented on an NV center in
[100] face bulk diamond. The nitrogen concentration in
the diamond was less than 5 ppb and the abundance of
13C was at the natural level of 1.1%. The NV center
was optically addressed by a home-built confocal micro-
scope. Spin-state initialization and detection of the NV
center were realized with a 532 nm green laser controlled
by an acousto-optic modulator (ISOMET, power leakage
ratio ∼1/1000). To preserve the NV center’s longitudi-
nal relaxation time from laser leakage effects, the laser
beam was passed twice through the acousto-optic mod-
ulator before going through an oil objective (Olympus,
PLAPON 60*O, NA 1.42). The phonon sideband fluores-
cence (wavelength 650∼800 nm) went through the same
oil objective and was collected by an avalanche photo-
diode (Perkin Elmer, SPCM-AQRH-14) with a counter
card. A solid immersion lens was created around the NV
center to increase the fluorescence collection efficiency.
The magnetic field was provided by a permanent magnet
and aligned by monitoring the variation of fluorescence
counts. The spin states of the NV center were manip-
ulated with microwave and radio-frequency pulses. The
microwave and radio-frequency pulses were generated by
an arbitrary waveform generator (Keysight M8190A),
amplified individually with power amplifiers (Mini Cir-
cuits ZHL-30W-252-S+ for microwave pulses and LZY-
22+ for radio-frequency pulses), and combined with a
diplexer (Marki DPX-1). An ultra-broadband coplanar
waveguide with 15 GHz bandwidth was designed and fab-
ricated to feed the microwave and radio-frequency pulses.
Universal control of a single qubit requires the abil-
ity to realize rotations around two different axes of the
Bloch sphere. The evolution operator is denoted with
R(nˆ, θ), corresponding to a rotation of angle θ around
axis nˆ = xˆ sin γ cosϕ+yˆ sin γ sinϕ+ zˆ cos γ. The method
to realize TOC gates, which rotate the quantum states
along two different axes, is detailed in Section II in Sup-
plementary Material. We take a target unitary trans-
formation R(zˆ, θ) on the electron spin qubit as an ex-
ample. In the rotating frame, H0 = 2piδSz, Hc(t) =
2piν1[cosφ(t)Sx + sinφ(t)Sy], where Sx, Sy, and Sz are
effective spin operators of the electron spin qubit, δ is
the detuning term, ν1 > 0 stands for the amplitude of
the microwave pulse, and φ(t) is the phase of microwave
pulse. The control Hamiltonian Hc satisfies two con-
straints, which are f0(Hc) ≡ [Tr(H2c ) − 2pi2ν21 ]/2 = 0
and f1(Hc) ≡ Tr(HcSz) = 0. The solution to the QBE
is φ(t) = 2piηt + φ(0), where η is a constant. Then the
detailed parameters of the control Hamiltonian [e.g., η
and φ(t)] and the minimum evolution time T can be
obtained by further solving the Schro¨dinger equation.
By following the procedure described above, we can de-
rive the explicit analytical solutions to the TOC for re-
alizing R(zˆ, θ). Without loss of generality, we present
the analytical solution when δ ≥ 0 and θ ∈ [0, 2pi).
If θ < pi(1 +
√
3δ/ν1), the minimum evolution time
T = [δ(θ/2pi−1) +
√
ν21 + δ
2 − ν21(θ/2pi − 1)2]/(ν21 + δ2);
otherwise, the minimum evolution time becomes T =
[δθ/2pi +
√
ν21 + δ
2 − ν21(θ/2pi)2]/(ν21 + δ2). The mini-
mum evolution time T versus θ and δ/ν1 is shown in
Supplementary Fig. S2. The case when δ 6= 0 is of im-
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FIG. 2. (color online). Comparison on time costs for tar-
get gate operator R(zˆ, θ) between the derived TOC and the
Euler rotations. The parameters are set to be δ = 0 and
ν1 = 5 MHz. (a) Theoretical comparison on time with
θ ∈ (0, pi]. (b) Comparison of experimental gate time for
θ = pi/8, pi/4, pi/2, and pi. The gate time for TOC is consider-
ably shorter than that for Euler rotation. (c) State evolutions
during R(zˆ, pi) with TOC and Euler rotation. The initial state
is (|ms = 0〉 + i|ms = −1〉)/
√
2. The gate time of TOC is
26.8 ns shorter than that of Euler rotation.
portance to those systems where it is challenging to ad-
just the detuning, such as the singlet-triplet spin qubit
in a double-quantum-dot system [27, 28]. When δ = 0,
our result reduces to that in Ref. 7.
The realization of a target R(zˆ, θ), θ ∈ (0, pi] when
δ = 0 is taken as an example to compare the
time cost between the derived TOC and a non-
optimized evolution path with Euler rotation: R(zˆ, θ) =
R(xˆ, pi/2)R(yˆ, θ)R(−xˆ, pi/2). The experimental ampli-
tude of control field is set to be ν1 = 5 MHz. Theo-
retical comparison of the time cost for gate operations
between TOC and Euler rotation is shown in Fig. 2a.
It is clear that the time cost with TOC is considerably
shorter than that with Euler rotation for all the rotation
angles. We experimentally implement the target gate op-
erators R(zˆ, pi/8), R(zˆ, pi/4), R(zˆ, pi/2), and R(zˆ, pi) with
both methods. Figure 2b shows the comparison of the
experimental gate time. The time durations for gate op-
erations with TOC are 69.6, 96.8, 132.3, and 173.2 ns,
which are 42.9, 28.1, 17.7, and 26.8 ns shorter than those
with Euler rotation, respectively. Figure 2c shows the
state evolution during R(zˆ, pi). The initial state is pre-
pared to (|ms = 0〉 + i|ms = −1〉)/
√
2. We performed
measurements of 〈Sy〉 and 〈Sz〉 on the states during the
evolution. As shown in Fig. 2c, the target evolution of
R(zˆ, pi) is realized at 173.2 ns with TOC and at 200 ns
with Euler rotation. All the gate fidelities [29] are mea-
sured to be above 0.99 via quantum process tomography
[30].
The case when δ 6= 0 has also been experimentally im-
plemented. Both R(zˆ, θ) and R(xˆ, θ) with various values
of θ have been demonstrated. Furthermore, time-optimal
universal single-qubit control with other constraints on
Hc is also experimentally demonstrated. The implemen-
tations are characterized utilizing quantum process to-
mography (see Section III in Supplementary Material).
The experimental results for the cases are presented in
Section II, Fig. S3, Fig. S4, and TABLE I of the Supple-
mentary Material. Our results show the universality of
our approach to perform time-optimal universal control
for a single qubit.
Universal control of qubits also requires a non-trivial
two-qubit gate [31]. In our experiment, we demonstrate
a controlled-U gate with
Uc =

1 0 0 0
0 0 0 1
0 0 1 0
0 −1 0 0
 , (2)
which is also a non-trivial two-qubit gate [31]. In our
experiment, we have demonstrated this two-qubit gate
in a time-optimal way with the system consisting of
the electron and nuclear spins. Electron (nuclear) spin
states |mS = 0〉 and |mS = −1〉 (|mI = +1〉 and
|mI = 0〉) are encoded as the electron (nuclear) spin-
qubit. The quantum state of the two-qubit system
is denoted as |mS ,mI〉, with corresponding population
denoted as PmS ,mI hereafter. The drift Hamiltonian,
H0 = 2piASzIz, is the hyperfine coupling between the
spins, where Iz is the effective spin operator of the nu-
clear spin qubit and the hyperfine coupling strength is
A = −2.16 MHz. We consider a model in which only
controls with bounded strength on the electron spin are
applied, while the control Hamiltonian takes the form
Hc(t) = 2piν1[cosφ(t)Sx + sinφ(t)Sy]. The strength
of the control field ν1 is set to 2.5 MHz. The con-
straints on the control Hamiltonian can be described by
f0(Hc) = 0 and fk(Hc) ≡ Tr(HcBk) = 0, where {Bk} =
{Ix, Iy, Iz, SxIx, SxIy, SxIz, SyIx, SyIy, SyIz, Sz, SzIx,
SzIy, SzIz}. The target evolution operator is a controlled
unitary gate which flips the electron spin qubit iff the
nuclear spin qubit is in the state |mI = 0〉. The time-
optimal control Hamiltonian is obtained by numerically
solving the QBE together with the Schro¨dinger equation
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FIG. 3. (color online). State trajectories under the two-qubit
controlled-U gate by TOC with initial states (a) |0, 1〉 and
(b) |0, 0〉. The left panels show the state evolutions of the
nuclear and electron spins on the Bloch spheres. When the
nuclear spin qubit is in the state |1〉 (|0〉) labeled by the blue
arrows, the electron spin qubit undergoes the paths labeled
by red lines to the state |0〉 (| − 1〉). The right panels show
the experimental dynamics of state populations P0,mI (black
circles) and P−1,mI (grey diamonds), and lines are theoretical
predictions of the populations. The error bars on the data
points are the standard deviations from the mean.
(see Section II in Supplementary Material). If the de-
phasing effect and the imperfection of the control field
are taken into account [32], the theoretical fidelity of Uc is
estimated to be 0.9933. The detailed experimental pulse
for time-optimal control and the fidelity estimation are
included in Section II and Fig. S5 in Supplementary Ma-
terial. The time duration of the controlled-U gate with
TOC is 446 ns. A conventional method to implement the
controlled-U gate with the constraint control field is to
apply a selective pulse [33, 34]. With ν1 = 2.5 MHz (the
same as that in TOC), the time duration to implement
the controlled-U gate with a selective pulse is 612.4 ns
(see Section II in Supplementary Material), which is more
than 160 ns longer than that with TOC.
Figure 3 shows the state evolutions under Uc via TOC.
In Fig. 3a and b, the initial states are prepared into
|0, 1〉 and |0, 0〉, respectively. The left panel of Fig. 3a
(b) shows the state trajectory of the electron spin qubit
on the Bloch sphere, while the nuclear spin state is
|mI = +1〉 (|mI = 0〉). It is clear that the electron
spin qubit is flipped to the state | − 1〉 with the nuclear
spin qubit in |mI = 0〉, and the state of the electron spin
qubit returns to the state |0〉 with the nuclear spin qubit
in |mI = +1〉. In the right panels of Fig. 3a and b, exper-
imental populations of |0,mI〉 and | − 1,mI〉 (i.e., P0,mI
and P−1,mI ) during the Uc gate are recorded. The exper-
imental results represented by symbols are in agreement
with theoretical predictions represented as lines. The
small deviation from 1 (0) of P0,mI (P−1,mI ) at t = 0 is
due to imperfect polarization of the electron spin (about
FIG. 4. (color online). Quantum process tomography for
controlled-U gate by TOC. The left and right panels are the
real and imaginary parts of the reconstructed process matrix
χ. The error bar of each point is about 0.01 due to the statis-
tics of photon counts. An average gate fidelity of 0.99(1) can
be obtained from the process matrix.
0.95, which is measured with sequences described in Sec-
tion IV and Fig. S6 in Supplementary Material).
We further perform quantum process tomography (see
Section III in Supplementary Material) to characterize
the Uc gate. A set of 16 initial states is prepared, after
which the Uc is applied, and quantum state tomogra-
phy is applied to reconstruct the final state correspond-
ing to each initial state. With the information of the 16
final states, the process matrix χ is determined in the
Pauli basis {σi ⊗ σj}, where σi(j) ∈ {I,X, Y, Z}, I is the
identity operator, and X = σx, Y = σy, and Z = σz
are Pauli operators. Figure 4 shows the real and imagi-
nary parts of the experimental process matrix. The aver-
age gate fidelity of the two-qubit gate in our experiment
is 0.99(1), which reaches the threshold of fault-tolerant
quantum computations [35]. The shortest possible time
duration of the gate operation by TOC is advantageous
to high fidelity due to the reduction of the dephasing ef-
fect. The relatively small strength of the control field
also contributes to the high fidelity, as the noise induced
from the control field is proportional to the control field
[32, 36].
Discussion.—Manipulation of quantum systems is of
fundamental significance in quantum computing [30],
quantum metrology [37], and high-resolution spec-
troscopy [38–40]. It is desirable to achieve universal
control with high fidelity and in a minimal time inter-
val in the presence of decoherence. High fidelity univer-
sal control has been reported in various quantum sys-
tems, including trapped ions [41], superconducting cir-
cuits [35], NV centers in diamond [32, 42], and spins in
silicon [43, 44]. However, experimental demonstration of
universal control, when high fidelity and minimal time
are satisfied simultaneously, were not achieved in previ-
ous work. We have realized the time-optimal universal
control of the two-qubit system in diamond with high fi-
delity. Our results provide an experimental validation of
TOC casting a high-fidelity control operation on multi-
qubit systems. The approach developed in this work to
5realize accurate minimum time control of multiqubits can
be applied to other important physical systems.
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Supplmentary Material
I. HAMILTONIAN OF THE NV SYSTEM
The Hamiltonian of the NV center can be written as
HNV = 2pi(DS
2
z,3 + ωSSz,3 + PI
2
z,3 − ωIIz,3) +Hhf , (EqS1)
where ωS = −γeB0/2pi(ωI = γNB0/2pi) is the Zeeman splitting of the electron (14N nuclear) spin, γe(γN ) is the
electronic (14N nuclear) gyromagnetic ratio, Sz,3 and Iz,3 are the electron and nitrogen nuclear spin operators of
6spin-1 systems. The zero field splitting D = 2870 MHz and the nuclear quadrupolar splitting P = −4.95 MHz. The
hyperfine interaction between the NV electron and the 14N nuclear spin is
Hhf = 2pi[A⊥(Sx,3Ix,3 + Sy,3Iy,3) +ASz,3Iz,3], (EqS2)
where A = −2.16 MHz. Because of the strong zero field splitting and Zeeman splitting terms of the electron spin, the
effect of the interaction term Sx,3Ix,3 + Sy,3Iy,3 can be neglected. In the secular approximation, the Hamiltonian is
HNV = 2pi(DS
2
z,3 + ωSSz,3 +ASz,3Iz,3 + PI
2
z,3 − ωIIz,3), (EqS3)
The spin energy levels of the NV center are shown in Fig. S1. The electron (nuclear) spin states |mS = 0〉 and
|mS = −1〉 (|mI = 1〉 and |mI = 0〉) are encoded as the electron (nuclear) spin qubit. The Hamiltonian can be
simplified to that of a two-qubit system.
mI = +1 mI = 0 mI = -1
mS = +1
mS = 0
mS = -1
FIG. S1. Spin energy level diagram of the NV center. The experiments are implemented on the two-qubit system
composed with the energy levels boxed with dashed lines (i.e. |mS = 0,mI = 1〉, |mS = 0,mI = 0〉, |mS = −1,mI = 1〉, and
|mS = −1,mI = 0〉).
In the single-qubit case, the experiments are implemented on the electron spin qubit while the nuclear spin is kept
in state |mI = 1〉. When microwave (MW) pulses with the frequency of fMW are applied, the total Hamiltonian of
the electron spin qubit is
H1 = 2pi(−(D − ωS −A)Sz + 2ν1 cos(2pifMW t− φ)Sx), (EqS4)
where φ is the phase of the MW pulse, ν1 is the amplitude of the MW pulse, Sx, Sy, and Sz are electron spin operators
of a spin-1/2 system. The Hamiltonian can be transformed into the rotating frame as
Hrot1 = Utrans1H1U
†
trans1 − iUtrans1
dU†trans1
dt
, (EqS5)
with
Utrans1 = e
−i2pifMW tSz . (EqS6)
With rotating-wave approximation, the Hamiltonian in the rotating frame can be simplified as
Hrot1 = 2pi(δ0Sz + ν1(cosφSx + sinφSy)), (EqS7)
where δ0 = −(D − ωS −A− fMW ).
The two-qubit experiments are implemented on the two-qubit system comprised with the electron and nuclear spin
qubits. The two-qubit states can be manipulated with MW and radio-frequency (RF) pulses. The frequency of the
RF pulse is denoted by fRF . When only MW pulses are applied, the total Hamiltonian is
H2 = 2pi(−(D − ωS −A/2)Sz + (P − ωI −A/2)Iz +AIzSz + 2ν1 cos(2pifMW t− φ)Sx), (EqS8)
7where Ix, Iy, Iz are nuclear spin operators of a spin-1/2 system. The Hamiltonian can be transformed into the rotating
frame as
Hrot2 = Utrans2H2U
†
trans2 − iUtrans2
dU†trans2
dt
, (EqS9)
with
Utrans2 = e
−i2pifMW tSze−i2pifRF tIz . (EqS10)
With rotating-wave approximation, the Hamiltonian in the rotating frame can be simplified as
Hrot2 = 2pi[ASzIz + ν1(cosφSx + sinφSy)], (EqS11)
with fMW = D − ωS −A/2, fRF = −P + ωI +A/2.
II. TIME-OPTIMAL CONTROL WITH QUANTUM BRACHISTOCHRONE EQUATION
The goal of quantum time-optimal control (TOC) is to complete the quantum control task(e.g., to generate a unitary
gate or to prepare an entangled state) in the shortest time. In general, there are two constraints for the quantum
TOC problem: (i) due to the finite energy bandwidth of the quantum system, its evolution under the Schro¨dinger
equation cannot be arbitrarily fast; (ii) the Hamiltonian of a realistic quantum device usually takes a given form,
and the way we can vary the Hamiltonian must satisfy this form, implying we cannot generate arbitrary quantum
trajectory. Under these two constraints, it has been found that the quantum TOC problem can be solved by solving
the so-called quantum brachistochrone equation (QBE) [RefS1, RefS2].
Specifically, let H(t) be the Hamiltonian of the quantum device that can be varied over time. In the most general
case, H(t) = H0 +Hc(t), where H0 is known as the drift term which cannot be varied over time (e.g., H0 = 2piASzIz in
(EqS11)), and Hc is the control Hamiltonian in a fixed form (e.g., Hc(t) = 2piν1(cosφ(t)Sx + sinφ(t)Sy) in (EqS11)).
Then the above two constraints can be expressed as the following:
(i) f0(H) ≡ ||Hc(t)||2 − E2 = Tr(H2c (t))− E2 = 0
(ii) fk(H) ≡ Tr(Hc(t)Bk) = 0, where k = 1, · · · ,m
where {Bk} is a basis of the matrix subspace Q satisfying Tr(Hc(t)Q) = 0. Notice that, in principle, the constraint
for finite energy bandwidth should be expressed as the inequality (i’) ||Hc(t)||2 ≤ E2, but we find that (i’) leads to
(i) in many cases, including the problems discussed in this work.
For the gate generation problem, the objective is to find the appropriate control Hamiltonian Hc(t) such that the
evolution U(t) under the Schro¨dinger equation U˙ = −iH(t)U satisfies U(0) = I and U(T ) = UF , where UF is the
target unitary and T is the total evolution time. This control solution (H(t), U(t)) is not unique, and numerically we
can use optimization method to find many such solutions. However, if the control objective also requires the total
time T to be minimized, then the time-optimal control can be mathematically characterized: defining the Lagrangian
L under the constraints (i) and (ii), the time-optimal solution (H(t), U(t)) must satisfy the Euler-Lagrange equation
for L:
F˙ = −i[H,F ], (EqS12)
where Lc ≡
∑
j λjfj(H), j = 0, 1 · · ·m, λj are Lagrange multipliers and F = ∂Lc∂H = ∂Lc∂Hc since H0 is constant.
Since the QBE is a first-order ordinary differential equation (ODE), in order to solve the time-optimal gate gener-
ation problem for UF , it is sufficient to find the initial value (H(0), λj(0)) satisfying U(T ) = UF . This is a boundary
value nonlinear problem. Except a few special cases where analytic solutions exist, one has to resort numerical method
to solve it. Unfortunately, the standard method (e.g. the shooting method) of numerically solving a boundary value
nonlinear equation soon becomes inefficient as the dimension of the problem grows. This forces us to think of new
method to solve the QBE.
Fortunately, for the special case where H0 = 0, the QBE has an intuitive geometric interpretation, i.e., it can be
considered as the limit of a family of 1-parameter geodesics under the so-called q-metric [RefS3]. Such brachistochrone-
geodesic connection provides a very efficient way of solving the QBE even for the system with a large dimension.
Analogously, for the more general case where H0 6= 0, we can develop a similar method to solve the QBE.
8Specifically, let P be the matrix subspace where Hc(t) can choose values in, so we have Tr(PQ) = 0. Notice that
the key point to solve the first-order QBE (EqS12) is to find a good guess of the initial value (Hc(0), λj(0)). This can
be achieved by the following approach:
First, assume Hc(t) is only chosen from the control space P. The time-optimal problem is equivalent to solving the
following two-objective optimization problem: maximizing the fidelity of evolution operator with the target operator,
Fi(U(T ), UF ), and minimizing the evolution time, T =
∫ T
0
dt. Meanwhile, the control Hamiltonian is subjected to the
constraint ||Hc(t)|| = E. In order to solve it, we can use weighted summation to convert the two-objective problem
into a single-objective minimization problem (κ > 0), with the objective function:
J = −Fi(U(T ), UF ) + κ
∫ T
0
dt (EqS13)
We expect that this combined optimization problem will give us a reasonably good approximation of time-optimal
solution Hc(t). Thus, we can get a good guess for Hc(0), but this is not sufficient to solve the QBE, as the initial
values for the Lagrange multipliers λj(0) are still unknown.
To overcome this problem, we introduce a family of 1-parameter brachistochrone equations under the q-metric,
which is similar to the family of the geodesic equations in Ref. RefS3. In this frame, the time-optimal curves are
reformulated in the following way: allowing the control Hamiltonian Hc(t) to take components from both P and Q
but with a penalty when taking components from Q. Specifically, we define the q-norm, characterizing the penalty:
||Hc||2q = ||P(Hc)||2 + q||Q(Hc)||2, q ≥ 1, where P(Hc) (Q(Hc)) indicate the projection of Hc in subspace P (Q).
Then we study the time-optimal solution under the following constraint: ||Hc||q = E. As q → +∞, the component
of Hc(t) on the subspace Q decreases to zero, we will recover the brachistochrone equation for the original problem.
Thus, we can solve the weighted-sum optimization problem shown in (EqS13), with the constraint ||Hc(t)||q = E.
The optimal solution provides a good initial guess of (Hc(0), qλj(0)), which can be used to find the solution of the
q-metric brachistochrone equation for q  1, which then provides a good guess to solve the original QBE. The detailed
procedure is similar to that in the Ref. RefS3.
A. Single-qubit case
The entire Hamiltonian is H(t) = H0 + Hc(t), with H0 = 2piδSz and Hc(t) = 2piν1[cosφ(t)Sx + sinφ(t)Sy]. The
target operator is UF = R(nˆ, θ) ≡ exp(−iθnˆ · S), with nˆ = xˆ sin γ cosϕ + yˆ sin γ sinϕ + zˆ cos γ being a unit vector.
From QBE, we have φ(t) = 2piηt + φ0. The parameter η characterizing the control Hamiltonian and the minimum
evolution time T can be obtained by solving the Schro¨dinger equation with boundary conditions. The solution to the
Schro¨dinger equation reduces the boundary conditions to the following equations.

cos(piηT ) cos(pi
√
ν21 + (δ − η)2T )
− sin(piηT ) sin(pi
√
ν21 + (δ − η)2T )
δ − η√
ν21 + (δ − η)2
= ± cos θ
2
sin(piηT ) cos(pi
√
ν21 + (δ − η)2T )
+ cos(piηT ) sin(pi
√
ν21 + (δ − η)2T )
δ − η√
ν21 + (δ − η)2
= ± cos γ sin θ
2
ν1√
ν21 + (δ − η)2
cos(piηT + φ0) sin(pi
√
ν21 + (δ − η)2T ) = ± sin γ cosϕ sin
θ
2
ν1√
ν21 + (δ − η)2
sin(piηT + φ0) sin(pi
√
ν21 + (δ − η)2T ) = ± sin γ sinϕ sin
θ
2
(EqS14)
As an example, we give analytic solution to UF = R(zˆ, θ), θ ∈ (0, 2pi). Without loss of generality, δ ≥ 0 and ν1 > 0
is supposed.
When θ < pi(1 +
√
3δ/ν1)
T =
δ( θ2pi − 1) +
√
ν21 + δ
2 − ν21( θ2pi − 1)2
ν21 + δ
2
(EqS15)
9η = −2pi − θ
2piT
. (EqS16)
When θ ≥ pi(1 +√3 δν1 )
T =
δ θ2pi +
√
ν21 + δ
2 − ν21( θ2pi )2
ν21 + δ
2
(EqS17)
η = − θ
2piT
. (EqS18)
The minimum time T as a function of θ and δ/ν1 (equation EqS15 and EqS17) is shown in Fig. S2. When δ = 0,
our result reduces to that in Ref. RefS4. In this case, we compare the time duration with TOC and that with Euler
rotation. The experimental results is shown in the main text.
Then we experimentally demonstrate the case of δ 6= 0. In this experiment we set δ = 1.5 MHz and
ν1 = 5 MHz. To visualize the evolution path of the TOC, the evolution operator R(nˆ, θ) is mapped to the point
(θ sin γ cosϕ, θ sin γ sinϕ, θ cos γ) in a three-dimensional frame of θ ∈ [0, 2pi]. All single-qubit evolution operators can
be mapped to points within the sphere with radius of 2pi [RefS5]. The time-optimal evolution paths of the TOC
for target evolution operators R(zˆ, pi/2) and R(xˆ, pi/2) are represented in the left panels of Fig. S3a and b, respec-
tively. To characterize the performance of the TOC, quantum process tomography [RefS6] is utilized (see Section
III). The reconstructed process matrices for R(zˆ, pi/2) and R(xˆ, pi/2) are shown in the right panels of Fig. S3a and b,
respectively. The corresponding average gate fidelities [RefS9] are measured to be 1.00(1) and 0.99(1).
We further exhibit the state evolutions during the time-optimal R(zˆ, pi/2) and R(xˆ, pi/2). The initial state is
prepared to |mS = 0〉. State populations of |mS = 0〉 during the evolutions are recorded. As shown in Fig. S4,
experimental results are in great agreement with theoretical predictions.
In addition to the experiments mentioned above, more single-qubit gate operators with TOC are experimentally
demonstrated. Our method also applies to TOC with other constraints on Hc (e.g. Hc(t)∈span{Sx, Sy, Sz}). We also
implement single-qubit TOC with constraint Hc(t)∈span{Sx, Sy, Sz}. All the experimental results are summarized
in TABLE I. Our results show the universality of our approach to perform time-optimal universal control for single
qubit.
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FIG. S2. Analytic solution of single-qubit TOC for target evolution operator R(zˆ, θ). (a) The minimum evolution
time analytically calculated from QBE with Hc ∈ span{Sx, Sy} and target evolution operator R(zˆ, θ) with θ ∈ [0, 2pi). (b - d)
show the minimum evolution time as a function of rotation angle for different ratios between δ and ν1.
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FIG. S3. Experimental implementation of single-qubit TOC for target evolution operators (a) R(zˆ, pi/2) and
(b) R(xˆ, pi/2). The left panels show the time-optimal evolution paths. The spheres in the left column stand for the rotation
group[RefS5]. The center of the sphere O stands for the identity gate operation. The direction of the vector joining the center
O to any other point represents the axis of rotation, whereas the length of the vector represents the angle of rotation. The right
panels are experimental operations characterized by quantum process tomography. The results show average gate fidelities of
(a) 1.00(1) and (b) 0.99(1), respectively.
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FIG. S4. State evolution under (a) R(zˆ, pi/2) and (b) R(xˆ, pi/2) by single-qubit TOC with initial state |ms = 0〉.
The control Hamiltonian Hc ∈ span{Sx, Sy}, with other parameters set to be δ = 1.5 MHz, ν1 = 5 MHz. The symbols are
experimentally recorded state population of |mS = 0〉, and solid lines are theoretical predictions. The error bars on the data
points are the standard deviations from the mean.
B. Two-qubit case
We exhibit the approach to obtain the time-optimal control of two-qubit system in NV center. The drift Hamil-
tonian is the hyperfine coupling between electron and nuclear spin qubits. The system is steered by control pulse
on the electron spin-qubit with finite strength. Thus, H0 = 2piASzIz and Hc(t) = 2piν1[cosφ(t)Sx + sinφ(t)Sy].
The hyperfine coupling strength is A = −2.16MHz. The strength of the control field ν1 is set to 2.5 MHz.
The constraints on the control Hamiltonian can be described by f0(H) = 0 and fk(H) = 0, where {Bk} =
{Ix, Iy, Iz, SxIx, SxIy, SxIz, SyIx, SyIy, SyIz, Sz, SzIx, SzIy, SzIz}. The target evolution operator is a controlled-U
gate which flips the electron spin qubit iff the nuclear spin is in state |mI = 0〉. The form of this gate is shown in
equation 2 in the main text. This gate is a non-trivial two-qubit gate [RefS10], which can convert a product state to
an entangled state.
The time-optimal control Hamiltonian Hc(t) can be numerically obtained by steps mentioned above, with
P =span{Sx, Sy}, Q =span{Bk} and q = 1000. Figure S5 shows the time-optimal pulse sequence, where
νx = ν1 cosφ(t) and νy = ν1 sinφ(t) are x- and y-components of the control amplitude. Although the time-optimal
sequence is derived for a closed system, high fidelity is expected when applying it to realistic systems. For example,
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TABLE I. Summarization of the results of single-qubit TOC. Average gate fidelity (Fa) and evolution time (T (ns)) is
shown for different cases with experimental parameter ν1 = 5 MHz.
δ/ν1 Control space Target operator Fa T (ns)
δ/ν1 = 0 Hc ∈ span{Sx, Sy}
R(zˆ, pi/2) 0.99(1) 132.3
R(zˆ, 5pi/4) 0.98(1) 156.1
R(zˆ, 7pi/4) 0.98(1) 96.8
δ/ν1 = 0.3
Hc ∈ span{Sx, Sy, Sz}
R(zˆ, pi/2) 0.99(1) 38.5
R(zˆ, 5pi/4) 0.98(1) 96.2
R(zˆ, 7pi/4) 0.99(1) 35.7
R(xˆ, pi/4) 0.98(1) 26.1
R(xˆ, pi/2) 0.99(1) 51.9
Hc ∈ span{Sx, Sy}
R(zˆ, pi/2) 1.00(1) 92.0
R(zˆ, 5pi/4) 0.98(1) 158.1
R(zˆ, 7pi/4) 0.99(1) 152.7
R(xˆ, pi/4) 0.98(1) 63.2
R(xˆ, pi/2) 0.99(1) 59.6
δ/ν1 = 1.1
Hc ∈ span{Sx, Sy, Sz}
R(zˆ, pi/2) 0.99(1) 23.8
R(zˆ, 5pi/4) 0.99(1) 59.5
R(zˆ, 7pi/4) 0.99(1) 83.3
R(xˆ, pi/4) 0.99(1) 95.4
R(xˆ, pi/2) 0.98(1) 96.0
Hc ∈ span{Sx, Sy}
R(zˆ, pi/2) 0.99(1) 41.5
R(zˆ, 5pi/4) 0.98(1) 92.9
R(zˆ, 7pi/4) 0.99(1) 121.6
R(xˆ, pi/4) 0.98(1) 122.9
R(xˆ, pi/2) 0.99(1) 111.7
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FIG. S5. Pulse sequence for non-trivial two-qubit gate, Uc, via TOC in NV system. The amplitude of the control
pulse is ν1 = 2.5 MHz. The x- and y-components of the control amplitude are denoted by νx and νy.
if considering dephasing effect and imperfection of control field [RefS11], an fidelity of 0.9933 is estimated. The high
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fidelity benefits from the least possible accumulation of errors during the shortest possible time, which is 446.1 ns.
We compare the time duration of controlled-U gate with TOC and that with a conventional method of applying a
selective pulse[RefS7, RefS8]. The frequency of the pulse is matched to the energy difference between |mS = 0,mI = 0〉
and |mS = −1,mI = 0〉. By choosing an appropriate control strength, the controlled-U gate can be realized with
conditional rotation of the electron spin, i.e. a rotation of (2k1 + 1)pi for |mI = 0〉 and 2k2pi for |mI = 1〉, where
k1 and k2 are integers. With ν1 = 2.5 MHz, the controlled-U gate can be realized by k1 = 1 and k2 = 2. The time
duration with this method is 612.4 ns, which is more than 160 ns longer than that with TOC.
III. QUANTUM PROCESS TOMOGRAPHY
We use standard quantum process tomography [RefS6] to evaluate the experimentally realized quantum gates. An
unknown process E acting on the initial state ρ and generating the final state E(ρ) can be described as
E(ρ) =
d2∑
m,n=1
χmnAmρA
†
n, (EqS19)
where Am ∈ SU(d) represents a full set of orthogonal basis operators and χmn is the coefficient of the process matrix
χ which completely describes the process E . In our experiments the process matrix χ is determined in the Pauli basis
An, where An = {σi} for single-qubit case and An = {σi ⊗ σj} for two-qubit case, σi(j) ∈ {I,X, Y, Z}, and I is the
identity operator, X = σx, Y = σy, and Z = σz are Pauli operators. We prepare a complete set of basis states
ρ1 . . . ρd2 with microwave (MW) and radio frequency (RF) pulses. The MW pulse is applied after RF pulse to depress
the decoherence of the electron spin in the preparation of two-qubit initial states. The fidelity of the quantum process
is then given by the average gate fidelity [RefS9],
Fa(E , U) =
∑
j tr(UU
†
jU
†E(Uj)) + d2
d2(d+ 1)
, (EqS20)
where U is the theoretically ideal transformation and Uj is a basis of unitary operators.
IV. NORMALIZATION OF THE EXPERIMENTAL DATA
In the single-qubit experiment,the normalization is carried out by performing a nutation experiment[RefS12]. The
normalized data corresponds to the population of |0〉 for the final state.
In the two-qubit experiment, the population of |0, 1〉, |0, 0〉, | − 1, 1〉 and | − 1, 0〉 (P0,1, P0,0, P−1,1and P−1,0) for
the final state is obtained by normalization. According to Ref. RefS13, each occupied energy level contributes to the
measured photoluminescence intensity (IPL) with a different PL rate and these different PL rates are measured and
used to determine the population of the levels with several sequences. Here we describe this set of measurements.
For brevity of notation in the following equations, we relabel the states |0, 1〉, |0, 0〉, | − 1, 1〉, | − 1, 0〉 as 1,2,3,4
respectively.
The number of photons we detect upon PL readout of the initialized state is
N0 = enN1 + e(1− n)N2 + (1− e)N3 + (1− e)(1− n)N4, (EqS21)
where Ni is the number of detected photons if all of the population within the two-qubit subspace occupies level i,
and e(n) is the fraction of the population within the two-qubit subspace in the levels 1 and 2 (1 and 3). We determine
Ni and e, while n is approximated to 1, by applying a set of pulse sequences to the initial state and measuring the
PL as shown in Fig. S6. This yields 
e 0 1− e 0
1− e 0 e 0
0 e 1− e 0
0 1− e e 0
1− e 0 0 e


N1
N2
N3
N4
 =

N0
NΠ
Npi12
Npi34Π
NΠpi34
 , (EqS22)
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FIG. S6. Schematic normalization sequences in the two-qubit experiment. Here ρi denotes the initialized state after a
laser pulse, ρf denotes the final state after applying control sequence to ρi. pi12 (pi34) is a selective pi pulse on transition between
states |mS = 0,mI = 1〉 and |mS = 0,mI = 0〉 (transition between states |mS = −1,mI = 1〉 and |mS = −1,mI = 0〉). Π
indicates a non-selective Π pulse on the electron spin-qubit. The length of non-selective Π pulse is 20 ns. Nx indicates the
detected photoluminescence intensity after applying the pulse sequence x.
where Nx indicates the detected PL after applying the pulse sequence x, piij indicates a selective pi pulse on transition
i ⇔ j, and Π indicates a non-selective Π pulse on the electronic transition (which flips both transitions 1 ⇔ 3 and
2⇔ 4). Knowing the Ni we can determine the occupation probabilities of an arbitrary state of the system. The PL
of an arbitrary state with level occupation probabilities pi is
N0 = p1N1 + p2N2 + p3N3 + p4N4. (EqS23)
By flipping populations within the two-qubit subspace and measuring the resulting PL we can calculate the pi from
N1 N2 N3 N4
N2 N1 N3 N4
N3 N4 N1 N2
N4 N3 N1 N2


p1
p2
p3
p4
 =

N0
Npi12
NΠ
NΠpi12
 . (EqS24)
The set of pulse sequences is shown in Fig. S6.
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